










































































MA 109A: LECTURE NOTES FOR SECTION 45

1. ASCOLI’S THEOREM

The Heine-Borel theorem, which you have learned in previous courses, states
that the subsets of R™ which are compact are precisely the closed and bounded
subsets. It’s not hard to see that it characterizes the precompact® subsets of R™
as the bounded substes. In general, a compact subspace of a metric space will be
closed and bounded, and a precompact subspace will be bounded, but the converse
need not hold, as the following example illustrates.

Ezample 0.1. Consider the metric space C([0,1],R) with the sup norm p. The
closed and bounded subset {f € C([0,1],R) : p(0, f) = || fllsup < 1 is not compact,
as the sequence f,(z) = 2™ does not admit a convergent subsequence.

So, to obtain compactness, closedness and boundedness will in general not be
enough. We need extra conditions depending on the ambient metric space in ques-
tion. Section 45 is devoted to characterizing which subsets of C(X,R™) are compact
or precompact, when X is a compact topological space. More precisely, we prove
Ascoli’s theorem?:

Theorem 1 (Ascoli’s theorem, Corollary 45.5). Let X be a compact topological
space, and endow C(X,R™) with the sup norm. Then a subfamily F of C(X,R™)
is compact if and only if F is closed, sup norm-bounded, and equicontinuous. A
subfamily F of C(X,R™) has compact closure if and only if F is sup norm-bounded
and is equicontinuous.

How would one accomplish such a feat? More importantly, how would one even
define equicontinuity? Recall earlier in the course that we proved the following
theorem.

Theorem 2. Let Y be a metric space. The following are equivalent.

e Y is compact.

e Y is limit point compact.

o Y is sequentially compact.

e Y is complete and totally bounded.

Here, to refresh your memory, “totally bounded” means the following.

Definition 3. A metric space (Y,d) is said to be totally bounded if for any e >0
there are finitely many points y1,- - ,yn € Y such thatY = B(y1,e)U---UB(yp,¢€).

Lyf you recall from a previous problem set, this means that the closure is compact.

2Historical note: according to Wikipedia, Ascoli proved the sufficiency in between 1883 and
1884, and Arzela proved the necessity and polished the results in 1895. I usually hear it being
called the “Arzela-Ascoli theorem”, but since the book decides to call it the “Ascoli theorem,”
let’s follow the notation of the book.
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Note that if Y is a complete ambient space, its closed subspaces are complete,
so its compact subspaces are precisely its closed totally bounded subspaces.

What does “totally bounded” mean in the function space C(X,R%)? It should
first imply bounded, since totally bounded subsets are bounded (as you can readily
check). It also implies the aforementioned equicontinuity, which we now define.

Definition 4. Let X be a topological space and (Y,d) a metric space. A family
F C C(X,Y) is said to be equicontinuous if for every xo € X and 6 > 0 there is
an open neighborhood U of x¢ such that

VeeUVfeF d(f(x),f(z)) <.

Note that a single continuous function f € (X,Y) automatically forms an
equicontinuous family {f}, and that a finite collection of continuous functions
fi,0, fu € (X,Y) form an equicontinuous family {f1, -+, fu}.

2. PROOF OF ASCOLI’S THEOREM

Let’s begin by seeing that if a family F C C(X,Y’) is totally bounded, then it is
equicontinuous.

Lemma 5 (Lemma 45.2). Let X be a topological space and let (Y,d) be a metric
space. Endow C(X,Y) with the uniform metric® p. Then a totally bounded family
F CC(X,Y) is equicontinuous.

Proof. Let g € X and § € (0,1). Since F is totally bounded, there are functions
fi,oo s fn € F such that F C U, B5(fi,8/3). Since the family {f1,---, fn} is
equicontinuous, there is an open set U 2 zy such that

A routine triangle inequality now shows that for any « € U and any f € F, choosing
i€ {l,---,N} such that f € B5(f;,6/3),

d(f(x), f(zo)) < d(f(x), fi(x)) + d(fi(z), fi(zo)) + d(fi(x0), f(x0)) < 0.
0

Conversely, let’s see that if a family 7 C C(X,R?) is bounded and equicontinu-
ous, then it is totally bounded. We will prove the slightly more general version of
this statement given as follows. (The below is more general because if F is bounded,
say |f| < M for all f € F, then we take Y = By, C R%.

Lemma 6 (Lemma 45.3). Let X be a compact topological space and let (Y,d) be a
compact metric space. Endow C(X,Y) with the sup metric p. Then an equicontin-
wous family F C C(X,Y) is totally bounded.

3To refresh your memory, the sup and uniform metrics are
p(f,g) = sup d(f(z),9(x)), p(f,g) = sup min{d(f(z),g(=)),1}.
zeX zeX

In general, the uniform metric is well defined over the continuous functions, and if X is in addition
compact, then the sup norm is defined and satisfies p = min{p, 1}. Since we are not assuming
that X is compact in this lemma, we are working with the uniform metric.
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Proof. Let 6 > 0. Since Y is compact, we may find points y1, - ,y, € Y such
that ¥ = (U, Ba(y;,0/3). On the other hand, for each z € X we may find
a 0/3-equicontinuous neighborhood U,; cover X by §/3-equicontinuous neighbor-
hoods Uy, - - ,U,, of points 1, ,z,. For each function « : {z1, -+, 2y} —

{yla e 7yn}7 denote
It is clear that
F= U Fa-
a{zy, o @m P {y1, yn}
Since this is a finite union, it is enough to see that each JF, is contained in a sup
ball of radius 4. It may happen that some F, are empty, in which case there is
nothing to prove; otherwise, choosing f, € Fa, we see that f € B,(fq,0): indeed,

for any z € X we have = € U; for some j = 1,--- ,m, and since f(z;), fo(z;) €
Bd(ya(j)yé/i%)7 we have

d(f(x), fo(z)) < d(f(2), f(25)) + d(f(2;), fa(;)) + d(falz;), fa(z)) < 6.

We are now ready to prove Ascoli’s theorem.

Proof of Theorem 1. If F C C(X,R?%) is compact, then it is closed, (sup norm-
Ybounded, and totally bounded, and hence by Lemma 5 is equicontinuous. Con-
versely, if 7 C C(X,R?) is closed, sup norm-bounded and equicontinuous, then it
is complete (being a closed subspace of a complete space) and totally bounded (by
Lemma 6, being sup norm-bounded and equicontinuous), and hence is compact.
Now F C C(X,R%) is precompact iff F C C(X,R%) is compact iff F is closed, sup
norm-bounded and equicontinuous iff F is sup norm-bounded and equicontinuous.
(The last equivalence requires some manual checking.) O

3. POINTWISE BOUNDEDNESS

In section 47, we're going to formulate Ascoli’s theorem in the more general
setting when X need not be compact. In that setting, we will work with the
topology of compact convergence (to be defined in section 46), which you may
better know as “uniform convergence on compact sets.” As such, we will need
yet another replacement for the notion of sup norm-boundedness; that will be of
pointwise boundedness.

Definition 7. If (Y,d) is a metric space, a subfamily F C C(X,Y) is said to be
pointwise bounded if for each a € X, the set

Foi={fla) : f € F}
is a bounded subset of Y.
The connection to sup norm-boundedness is as follows.

Lemma 8. Let X be a compact topological space, let (Y,d) be a metric space, and
let F C C(X,Y) be pointwise bounded and equicontinuous. Then F is sup norm-
bounded.
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Proof. Cover X by finitely many 1l-equicontinuous neighborhoods Uy, --- ,U,, of
points x1,--+ , &, € X. Then for any f € F and « € X, f(z) is contained in the
1-neighborhood of the bounded set F,, U---UF, CY. g

This lemma, together with Theorem 1, implies the “classical” version of Ascoli’s
theorem.

Theorem 9 (Classical version of Ascoli’s theorem, Theorem 45.4). Let X be a
compact topological space and endow C(X,R%) with the uniform topology. Then
F C C(X,RY) is precompact iff F is equicontinuous and pointwise bounded.

See Theorem 47.1 if you are curious as to what the general version would be for
noncompact X.



MA 109A: LECTURE NOTES FOR CHAPTER 8

1. SECTION 48: BAIRE SPACES
Motivating question:

Question 1.

(1) Can the plane R? be expressed as a countable union of lines?
(2) Can the sphere S? be expressed as a countable union of circles?

If you know measure theory, you can answer “no” to both questions, arguing
that lines and circles have zero area and hence their countable unions also have
zero area and cannot be the entire 2-dimensional space. Let’s tie one hand behind
our back! and try to prove the impossibility using purely topological arguments.

Indeed, in some sense lines lack “fullness” in R?. Can we express this without
the concept of area? We can observe that lines have empty interior in R2. This
motivates the following definition.

Definition 2. Let X be a topological space and let S C X be a subset.

(1) Let O C X be an open set. S is not dense in O if O NS is a proper subset
of O.

(2) S is nowhere dense if S is not dense in any nonempty open set in X.
FEquivalently, S has empty interior.

(3) S is of the first category, if S is the union of a countable family of sets S;,
each of which is nowhere dense. Equivalently, S is contained in the union
of a countable collection of closed sets of X with empty interior.

(4) S is of the second category if it is not of the first category.

(5) X is a Baire space if every nonempty open set in X is of the second cate-
gory.

In our example above, lines and circles are nowhere dense in R? and S?, respec-
tively. A countable union of lines and circles would then be sets of the first category,
and our intuition is that R? and S? are of the second category. The main theorem
of this section is the following.

Theorem 3 (Baire category theorem). Compact Hausdorff spaces and complete
metric spaces are Baire spaces.

The Baire category theorem states that R? and S? are Baire spaces, meaning
that you cannot cover any open set, however small, in R? (resp. S?) with countably
many lines (resp. circles).

Another application of the Baire category theorem is that pointwise limits of
continuous functions have dense continuity points.

1Pm not trying to give the impression that category arguments replace measure theory argu-
ments. Rather, they are complementary viewpoints on the idea of “density.” If you want to know
more about their interaction, see Measure and Category by John Oxtoby (admittedly I haven’t
read this book, I just often saw it rolling around in math departments), where you can find many
more applications of category-type arguments.
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Theorem 4. Let X be a Baire space, let Y be a metric space, and let f, : X =Y
be a sequence of continuous functions converging pointwise to f : X — Y. Then
the set of points at which f is continuous is dense in X.

Proof. See Lemma 48.4 and Theorem 48.5 of Munkres. O

Munkres gives another application of the Baire category theorem by constructing
a nowhere differentiable function (Section 49).

The Baire category theorem has importance beyond the above examples. Besides
the applications you can find in the book Measure and Category mentioned in the
footnote, the Baire theorem is foundational in proving basic results about functional
analysis (which you might have guessed that I am quite fond of). I might give some
applications to functional analysis in this week’s problem set.

I owe you the proof of the Baire category theorem. As a preparation, let’s prove
Cantor’s intersection theorem for complete metric spaces.

Lemma 5 (Cantor’s intersection theorem for complete metric spaces). Let X be
a complete metric space, and let C1 D Co D -+ be a nested sequence of nonempty
closed sets with diam C,, — 0 as n — oo. Then (), Cy consists of exactly one point.

Proof. Because diam ([, Cp) < diam C,, — 0 as n — oo, we have diam ((,, Cp) <
0. So there is at most one point in the intersection. To prove that the intersec-
tion is nonempty, choose z,, € C,. Then z,, 2y, € Cringn,m} 50 that d(z,,rm,) <
diam Ciyin{n,m} and hence it follows that {z,};2, is a Cauchy sequence. By com-
pleteness of X, there is a limit x, — x as n — co. Because each C), is closed, and
T € Cp, for m > n, we have x € C,, for all n, proving z € ,, C,. O

Let’s also prove the following preparatory lemma.

Lemma 6.

e X is a Baire space if and only for any countable collection {F,} of closed
sets of X having empty interiors, their union J,, F, also has empty interior
in X.

e X is a Baire space if and only if for any countable collection {O,} of dense
open sets of X, their intersection (), O, is also dense in X.

Proof. The second assertion follows from the first by taking complements. For the
first assertion, by definition X is a Baire space iff every nonempty open set is of
the second category, which means that no nonempty open set can be contained
in the union of closed sets with empty interior. This is equivalent to the stated
property. (Il

We are now ready to prove the Baire category theorem.

Proof of the Baire category theorem. By Lemma 6, it is enough to show that for
any countable collection {F,,} of closed sets of X with empty interiors, their union
\U,, Fr also has empty interior. So given any nonempty open set Uy of X, it is
enough to find a point x of Uy not lying in any A,,.

By hypothesis, A; cannot contain Uy, so we may choose y € Uy \. A;. Since Uy
is closed and A is closed, we may invoke regularity of X to choose a neighborhood
U, of y such that

UinA =0, U CUy,
with the additional property that diamU; < 1 if X is a metric space.
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Inductively, given the open set U,,_1, we repeat the same procedure to choose a
nonempty open set U, such that

ﬁnmA7z=@, mgUn—lv

with the additional property that diam U,, < 1/n if X is a metric space.

We observe that ﬂnUTz is nonempty. Indeed, if X is compact Hausdorff, then
U; D Uy D --- is a descending sequence of nonempty compact sets, and we may
invoke the definition of compactness in terms of the finite intersection property.
If X is complete metric, this is because of the above Cantor intersection theorem
(Lemma 5).

Now choose z € ), U,. Then z € Uy by the nested property, while x ¢ A,, since
U, NA, =0. O

2. SECTION 50: INTRODUCTION TO DIMENSION THEORY

I will go briefly over this section? because I want to go on to some algebraic
topology for this course.

Definition 7.

(1) A collection A of subsets of the space X has order at most m if no point
of X lies in more than m elements of A.

(2) A topological space X is said to have topological dimension at most m if
every open covering of X has an open refinement of order at most m + 1.

The main theorem of this section is the following.
Theorem 8. FEvery m-manifold has topological dimension at most m.

So, for example, given any open covering of an m-manifold, you can construct a
partition of unity, only at most m+ 1 of which are nonzero near each point. You can
guess that having such quantitative bounds allows you to construct nice functions
on manifolds, such as embeddings:

Theorem 9. Every m-manifold can be embedded in R*™+! as a closed subspace.

I think that’s enough analysis-y topology for the term. Let’s mark the end of
part 1 of Munkres and move on to the algebraic methods of part 2.

2Interested readers are referred to Dimension Theory by Hurewicz and Wallman (which, again,
admittedly I have not read).






